Introduction
Recent decades have seen significant advances in integrated optics. Once considered to be the solution to the limits of electronics [1, 2] , the emergent field of nanophotonics has instead enabled access to entirely new and unanticipated physical regimes. In reaching the nanoscale, light can experience longer interaction lengths and smaller effective mode areas. However, the dimensions of these integrated nanophotonic devices have an inherent dependence on operating wavelength, in stark contract to the design freedom associated with the static fields of electronics. Beating the diffraction limit, or otherwise decoupling wavelength and device size, has remained a fundamental challenge in the field. Materials with specifically tailored properties could provide a different avenue to circumvent the diffraction limit. Metamaterials-composite materials engineered through the structuring of subwavelength constituents-have emerged as a method of achieving unnatural properties, among them a negative or zero refractive index.
There has been significant recent interest in materials with a refractive index of zero [3] [4] [5] . A notable property of zero-index materials is an infinite effective wavelength. The 'stretched' wavelength within a zero-index material can be exploited to entirely decouple the relation of material footprint to performance, allowing for extreme flexibility in the design of single-mode resonators [4, 6, 7] . In essence, as the wavelength extends far beyond to the boundaries of a zero-index material, the exact footprint of the device becomes irrelevant. This unique property has inspired a variety of applications including efficient coupling between disparate modes [8] [9] [10] , electromagnetic cloaking [11, 12] , relaxed phase matching constraints [13] and enhancement in nonlinear optics [14] [15] [16] .
Zero-index phenomena are uncommon in natural mat erials. However, the definition of the refractive index,
reveals that the index of a material is determined by its response to both the electric and magnetic fields of light as quantified by the permittivity (ε) and permeability (µ). A zero-index is achieved when one or both of these parameters equal zero, knowledge that has recently led to numerous exper imental zero-index demonstrations for which only the permit tivity is equal to zero (commonly referred to as ENZ materials). Metals achieve ENZ conditions at the ultraviolet plasma frequency, an example of naturally occurring zeroindex behavior [17] . A similar effect is observed in parallel plate waveguides operating at their cutoff frequency [18] , which have been used to demonstrate ENZ phenomena at visible frequencies [19] . ENZ materials have since been realized at optical frequencies for continuous media such as transparent conducting oxides (TCOs) [20] [21] [22] , as well as metamaterials with metallic inclusions [23] [24] [25] [26] . A significant limitation of ENZ materials is the high reflectivity that results from an infinite impedance defined as [27, 28] ,
Furthermore, these materials are incapable of transporting energy due to a vanishing group velocity [29] . These limitations are eliminated if the magnetic permeability is also equal to zero, producing a finite impedance and non-zero group velocity. To this end, the past few years have seen the advent of all-dielectric Dirac-cone zero-index metamaterials (ZIMs). These metamaterials consist of dielectric resonators with magnetic and electric responses that can be tuned to simultaneously cross zero for a given frequency. Coincident magnetic and electric resonances produces a modal degeneracy in the photonic band structure which appears as the intersection of two linear bands at the Γ-point, or a Dirac-like cone [30] [31] [32] [33] [34] . This dispersion profile is analogous to the electronic dispersion of graphene, which features a similar linear band crossing at the K-point of a hexagonal lattice [35] . Dirac-cone ZIMs not only eliminate the intrinsic losses associated with metals, but also possess finite impedance that enables compatibility with integrated photonics.
Dirac-cone metamaterials offer a refractive index of zero for operation in the optical regime that can be achieved using standard CMOS processing [34, 36, 37] . Especially important for integrated applications, these metamaterials are accessible from an in-plane orientation that matches the optical excitation produced by planar waveguides. The ZIMs consist of a 2D unit cell array that can be based in several common high-index dielectrics, notably the material that has dominated integrated photonics in recent years, silicon. The choice of material and tuning of resonator geometry allows for unprecedented flexibility in the selection of operation frequency. Furthermore, these metamaterials can be fabricated in variable shapes through the reconfiguration of the constituent resonator-based unit cells. Such ZIMs enable access to the aforementioned exotic phenomena through an integrated platform that is compatible with both standard planar fabrication methods and the existing library of integrated electronic and photonic devices.
In addition to a refractive index of zero, implementation of a Dirac-cone dispersion offers further advantages. These platforms provide easy access to directly study Dirac physics and its related topological properties [38] . Furthermore, they have been used to generate and control exceptional points [39, 40] , for light trapping [41] and arbitrary control of electromagnetic flux [11, 42, 43] . Dirac-cone ZIMs have been proposed for varied applications, such as large-area single-mode lasing [6, 7] , beam steering (or leaky-wave antenna) [44, 45] , and lensing [46] . Additionally, photonic Dirac cones have also been shown to provide enhancements to the nonlinear optical response [47] [48] [49] , and to optical cross-sections [39] .
Dirac-cone ZIMs possess properties that are promising for integrated optics applications (explored further in zero-index properties). Recent demonstrations have ranged from microwave to optical frequencies and showcased significant advances towards developing an accessible platform (explored further in design and demonstration of Dirac-cone ZIM). However, they have not reached an iteration suitable for wide-spread implementation. Challenges include unreliable fabrication, significant radiative losses, and differences in behavior as compared to bulk zero-index materials (explored further in challenges of Dirac-cone ZIM). However, we emphasize that these issues are not always inherent to the zero refractive index or Dirac-cone ZIMs. This review will explore some of the obstacles and solutions that can be addressed to make Dirac-cone ZIMs reach their full potential in revolutionizing integrated optics. respect to band structure, pulse propagation, impedance, and group velocity. The following section explores the behavior and physical implication of these properties with emphasis on the effects of a Dirac-cone implementation.
Wavelength and phase
A refractive index of zero enables access to extreme physical phenomena that can be predicted directly from the wave equation. The refractive index dictates the propagation of light within a material, particularly the rate of phase accumulation that defines the wavelength. As propagating waves transition between materials of different indicies, the wavelength changes in proportion to the index. Light entering a material with a larger refractive index propagates with a shortened wavelength, whereas wavelength of light entering a smaller refractive index material is lengthened. If a wave enters a material with vanishing refractive index, the wavelength extends to infinity (figure 1). At this limit, the fields are uniform throughout the zero-index material, and no phase is accumulated.
Optical propagation is fully described by the electromagnetic wave equation,
As equation (3) shows, the optical response within a given material can be fully characterized by two quantities-the electric permittivity (ε), and its counterpart, the magnetic permeability (µ). Consequently, the refractive index as defined in equation (1) , dictates the form of solution to equation (3) . When the refractive index is equal to zero, the spatial and temporal terms of equation (3) are decoupled and the resulting spatial component (∇ 2 E = 0) reveals out-of-plane electric fields (corresponding to E z ) that oscillate in time, but not space [12, 43] . A field that oscillates only in time has a wavelength that is 'stretched' beyond the boundaries of the mat erial, effectively infinite (figure 1). A further consequence is a field distribution that is entirely uniform, oscillating in uniso n. This 'phase-free' profile can be considered analogous to the behavior of static fields in electronics, allowing for light in a zero-index material to experience an effectively infinite phase velocity (v p ) regardless of footprint. This decoupling firmly establishes the distinction of zero-index physics from limitations long associated with integrated optics: static field effects can be accessed at optical frequencies, producing an optical material that may behave as an electric conductor with implications of significantly improved on-chip routing and control.
Optical wave impedance
The expected static field effects have been commonly achieved in zero-index materials for which only the permit tivity is equal to zero [4, [20] [21] [22] [23] [24] [25] . Commonly referred to as ENZ materials, the impedance of these materials is a significant obstacle for integrated applications. ENZ materials (and their magnetic counterparts with a permeability of zero, MNZ) possess a divergent impedance as described by equation (2) , leading to strong reflections. In the case of ENZ (MNZ), power reflection defined as,
is unity in cases of η in = ∞ (η in = 0), indicating total reflection at the boundary of ENZ (MNZ) materials when excited from any adjacent medium [26] . However, this impedance mismatch can be overcome by engineering the footprint of an ENZ waveguide. Using transmission line analysis, ENZ materials within a parallel plate waveguide can achieve finite impedance through purposeful arrangement of the boundaries [50] . These ENZ materials obey a modified expression for wave impedance,
where the subscript i denotes the section of waveguide, a refers to the width of the channel, and b refers to the height of the channel. From this point on, b i is assumed to be uniform and is omitted in the equations. ( figure 2 ). In the case of an ENZ coupler joining two waveguides, complete transmission is achieved when all three components are impedance matched. If the input and output channels are identical, impedance matching is achieved for
In the case of ENZ couplers, transmission is maximized for subwavelength dimensions. Complete transmission has been verified theoretically for ENZ 'super'-couplers [8, 9, 50] and experimentally at both microwave [51, 52] and optical frequencies [19] . Conversely, MNZ couplers experience maximum transmission for heights that significantly exceed the waveguide dimensions; the behavior of MNZ couplers has been verified theoretically and experimentally [53, 54] .
However, for zero-index materials resulting from both ε and µ near zero (EMNZ), the relation between waveguide dimension and impedance is decoupled [10, 43, 55] . The result is complete flexibility in the dimensions of the zeroindex coupler, highlighting a unique feature of EMNZ materials as compared to ENZ or MNZ materials. These relations generally hold for both bulk zero-index materials and metamaterial ZIMs, however, the latter necessitates additional considerations. Any bulk ENZ, MNZ, or EMNZ waveguide supports a single, zero-index mode. However, Dirac-cone ZIMs intrinsically support an additional mode at the zeroindex frequency that can convolute the transmission line model. Generally, access to this mode can be avoided entirely through operation at a slightly higher frequency [30, 33, 34] (See Homogenization), resulting in a slightly positive index while retaining much of the high transmission capabilities.
Furthermore, ENZ and MNZ cases can occur in Diraccone ZIMs but generally result in a non-transmitting photonic bandgap (See Dispersion). As most unit cells are not significantly subwavelength, it is difficult to achieve the dimensions necessary for high transmission in ENZ operation. This could, however, be circumvented in future work by developing unit cells that possess dimensions smaller in relation to the operating wavelength.
Dispersion and causality
Effective operation of a zero-index material in an integrated capacity has additional requirements beyond the strong transmission of a plane wave source. The typical unit of information transfer, an optical pulse, involves the superposition of a spectrum of frequencies, highlighting the importance of dispersion. Notably, the linear dispersion relation, an intrinsic property of Dirac-cone ZIMs, corresponds to zero group velocity dispersion (
∂ω 2 ) which is necessary to avoid distortion of an optical pulse. This quantity is directly linked to wave impedance as the latter results from the ratio between the dispersion of the permittivity and the permeability when both values are close to zero. These dispersions are a direct consequence of the unit cell properties (i.e. resonator dimensions, arrangement, and material) and cannot be altered without an additional degree of freedom (see Tolerance to fabrication imperfections and tunability).
The infinite phase velocity resulting from coordinated field oscillation in zero-index materials has raised the question of whether zero-index materials violate causality by featuring 'superluminal' propagation. Such a propagation scheme would enable instantaneous transfer of an optical pulse at a phase velocity that exceeds that of light in a vacuum, c. However, to permit the transmission of an optical pulse at superluminal speeds, a refractive index of zero would need to be achieved for the entire bandwidth of the pulse, yielding a group velocity larger than c [56] [57] [58] [59] . This is not possible without strong dispersive absorption or gain. In contrast, causal Dirac-cone ZIMs possess a linear dispersion for which causality can be verified by modeling a short optical pulse passing through a zero-index slab (figure 3). The simulation reveals that the pulse propagates at the speed of light until entering the slab, where it propagates at a quarter of the speed of light, c/4. Causality is maintained and zero-index materials are found to support only subluminal propagation.
Further, the elimination of phase accumulation in waves propagating in a zero-index material, known as 'phase-free' propagation, is not unique to zero-index materials. This property can be most simply achieved with a periodic grating structure or 1D photonic crystal [60] , and has been experimentally demonstrated in 2D photonic crystals as well [61] . From the perspective of a photonic band structure, this effect is equivalent to exciting a mode residing at the Γ-point of the Brillouin zone [62] . However, these standing Γ-point modes necessarily suffer from slow-light effects [63, 64] . As these modes generally reside at a band edge, they exhibit an infinite group index and are unable to transmit energy due to a resulting null group velocity. This behavior is functionally equivalent to that of ENZ and MNZ materials at their respective zero crossings [29, 65] ; when the permittivity and permeability do not cross zero simultaneously (figure 4(a)), a bandgap is produced between their zero-crossing wavelengths with a corre sponding imaginary refractive index (figure 4(c)). While this seemingly produces a range of frequencies associated with zero-index, enabling the aforementioned superluminal propagation, the bandgap is associated with strong dispersive loss and reflection that is maximized at the center of the gap (figure 4(d)). In contrast, when both permittivity and permeability cross zero simultaneously (figure 4(e)), the effective refractive index remains real (figure 4(f)), the band gap is closed to form the Dirac cone with a linear dispersion (figure 4(g)), and the group index remains finite over the entire operation range (figure 4(h)).
Design and demonstration of Dirac-cone ZIM
While Dirac-cone ZIMs enable access to zero-index properties, it is challenging to achieve the dual permittivity and permeability of zero due to weak magnetic responses in the optical regime. Understanding Dirac-cone ZIM requires exploration of Mie theory and effective medium properties, which have enabled both theoretical and experimental demonstrations for microwave and optical wavelengths in recent years. The following sections explore the physical explanation and history of Dirac-cone ZIMs.
Tuning permeability
Finite impedance and linear dispersion are intrinsic properties of Dirac-cone ZIMs that are especially suited for integration with the existing silicon photonics platform. However, the prerequisite condition of tuning the permittivity and permeability to zero at the same frequency is non-trivial in the optical regime. While ENZ conditions can occur in nature, permeability values other than unity are difficult to obtain due to the lack of naturally occurring magnetic resonances at optical frequencies. However, metamaterials have emerged as a common method of engineering a magnetic response at optical frequencies [66] [67] [68] [69] [70] . A subwavelength split-ring resonator was the initial basis for achieving variable permeability values (figure 5) [71] . The resonator consists of a metallic ring with a small gap; the ring supports a circular current that is generated in response to the magnetic component of the applied field, while a capacitance results from the charge differential across the gap. The combination of the two creates a resonant element, providing access to a range of permeability values. In response to an applied electromagnetic field, Faraday's law dictates that the circular current generated in the resonator creates a magnetic dipole that is oscillating in opposition to the applied time-varying magnetic component.
A variation of this effect is featured in every metamaterial that achieves a tunable permeability, including the first negative refractive index metamaterial [73] and many of the subsequent metal-inclusive iterations [69, 74, 75] . Negative refraction has also been demonstrated using surface plasmon polariton modes [76] and in a 3D metal-clad fishnet geometry also featuring a current loop [77] [78] [79] . The same class of structure was eventually used to demonstrate an impedancematched zero-index metamaterial, as shown in (figure 6) [26] . As the majority of negative index metamaterials demonstrated to date incorporate metals, these metamaterials feature complex fabrication procedures and Ohmic losses, severely limiting the material thicknesses and preventing many potential applications.
Transitioning to an all-dielectric resonator requires a slightly modified approach to achieve the same tunable permeability and notably eliminates the source of optical absorption. A dielectric sphere embedded in a lower index medium supports an infinite series of frequency-dependent modes that . This corresponds to a diverging group index (d). However, when a perfect degeneracy is achieved (e), the gap is closed ((f)-(g)) and the group index remains finite (h). can be excited by incident electromagnetic waves, creating both electric and magnetic resonances. The relative strength of these excitations is resolved through Mie scattering theory. This nomenclature can be extended to commonly include a sphere's 2D counterpart-the pillar [66, 68, [80] [81] [82] [83] [84] [85] [86] [87] [88] . Like the split ring resonator, Mie resonators can be combined in the form of arrays such that the collective excitation corresponds to an overall effective permittivity and permeability. These values can be calculated as a function of the geometric parameters of the resonator and were used to theoretically predict negative refractive index metamaterials consisting of di electric spheres and rods [82, 83] .
Mie theory and effective medium properties
As higher frequencies produce progressively weaker Mie resonances, all but the two lowest order modes can be disregarded when calculating the effective properties of a metamaterial. The zeroth and first order modes are found to contribute most significantly to the response of the dielectric resonator. The modes supported are polarization-dependent for a rod resonator, where transverse magnetic (TM) polarization indicates an electric field oriented along the axis of the rod, and the electric field of transverse electric (TE) polarization is oriented perpend icular to the rod. Generally, the zeroth order (TM 0 ) mode appears as a monopole when viewed from above and corresponds to the electric response, while the first order mode (TM 1 ) appears as a dipole and provides the magnetic response (figure 7). For the purposes of this review, the following discussion primarily focuses on the response of rod resonators to TM polarized light. Rods are planar fabrication compatible, and the response to TM polarized light can be translated to TE polarizations with the knowledge that the relationship is reversed: TE 0 is associated with the electric response and TE 1 is associated with the magnetic response.
The same effect that enables negative permeability values also enables access to the zero transition point between the positive and negative regimes. As such, achieving a negative or zero refractive index in a dielectric metamaterial is based on a common paradigm that relies on the combined effect of the electric and magnetic resonances. For the former, a real negative refractive index is only achieved if both responses have negative values. To possess a finite impedance, the zero-index case is further restricted to simultaneously zero permittivity and permeability values. In either case, the resonances associated with the zeroth and first order modes must be overlapped such that the desired values can be achieved at a single frequency and, preferably, for the same polarization. The combination of TM 0 and TM 1 modes that achieve a negative refractive index has been studied theoretically [89, 90] and demonstrated at microwave frequencies [91] . Interestingly, many experimental demonstrations involve two different resonators separately corresponding to the electric and magnetic responses [68] and a negative index has not been achieved experimentally at optical frequencies prior to Diraccone ZIMs that exhibit a negative index at lower frequencies [67] .
To resolve the overall electric and magnetic response of an engineered ZIM consisting of an array of dielectric pillars, an effective medium theory based on scattering cancellation in Mie resonant structures is used [92] . The design can then be verified with full-wave electromagnetic modeling by retrieving the complex reflection and transmission coefficients of the metamaterial as excited by a plane wave [93] . However, when the geometry consists of a periodic array of dielectric resonators, it becomes appropriate to use the mathematics and language developed to describe photonic crystals. Though the specific electric and magnetic responses of the resonators were not explicitly discussed, photonic crystals have been successfully treated as effective materials, including cases where the refractive index is negative [94, 95] .
In fact, many results were advanced towards achieving isotropic effective media using monolithic photonic crystals [31, 32, 94, [96] [97] [98] [99] . Remarkably, this was originally theorized in the 1950s, even predicting effective indices below unity [95] . These all-dielectric photonic-crystal-based metamaterials even featured the benefit of true isotropy within the plane of propagation as a natural consequence of a photonic crystal's symmetry.
Theoretical prediction and first appearances
Mie-based dielectric metamaterials can achieve a significant range of effective refractive indices, encompassing negative, zero, and positive values, by simultaneously engineering electric and magnetic resonances [30, 32, 92, 96] . Generally, each dielectric pillar supports a monopole (TM 0 ) and dipole (TM 1 ) mode (figure 7). To achieve the desired finite-impedance ZIM, the resonances associated with these modes are tuned to cross zero at the same frequency through variation of only two geometric parameters: the pitch (a) of the array, and the radius (r) of the pillars. When this resonance overlap occurs, the associated modes can be considered degenerate; operation at the same frequency produces a field that oscillates between the two. In terms of the photonic band structure, this degeneracy manifests as a Dirac-cone dispersion at the center of the Brillouin zone [30] [31] [32] . The characteristic cone results from two curved bands joining, the occurrence of which creates a linear dispersion for a range of frequencies in the vicinity of the overlap frequency. The photonic analog to the dispersion of graphene features this intersection of two linear bands, and an additional 'flat' band at the center of the Brillouin zone ( figure 8(a) ). The two linear bands correspond to hybridizations of the monopole and dipole modes, whereas the flat band corresponds to the dipole mode in a rotated orientation typically inaccessible from normal incidence. The presence of the flat band is a necessary consequence of isotropy, as the material must behave consistently regardless of excitation direction along the square lattice.
As the Dirac cone is located at the Γ-point, the three modes that are encompassed feature zero phase-advance. While isotropic, the monopole mode cannot be excited by a plane wave source as a result of symmetry mismatch. Instead, the dipole mode is responsible for the non-zero group velocity. A ZIM that features this dispersion profile oscillates between the monopole and dipole modes when operated at the zeroindex frequency, supporting energy transmission through the propagating hybridized mode [96] . Further, as the Dirac-cone dispersion resides above the light line due to its position at the Γ-point, ZIMs inherently exhibit radiative loss [44] while the same dispersion positioned elsewhere in the lattice has the potential to be confined but eliminates the zero phase advance property [6, 38] .
A Dirac-cone ZIM was first demonstrated in the microwave regime by Huang et al in 2011 [30] using a square array of alumina rods embedded within a parallel-plate waveguide (figures 8(a) and (b)). The inclusion of a parallel plate structure serves as a perfectly electric conductor (PEC) boundary, or a mirror that effectively confines the leaky zero-index modes in the out-of-plane direction. Using this implementation, the authors demonstrated cloaking and lensing effects enabled by a zero refractive index. It is notable that a Dirac-cone ZIM has also been demonstrated at lower, acoustic frequencies, enabling the first experimental visualization of the Dirac-cone dispersion [100] .
Optical ZIM
Achievement of a Dirac-cone ZIM at microwave frequencies naturally inspired efforts toward scaling the metamaterial to optical frequencies. The first Dirac-cone metamaterial at optical frequencies was demonstrated by Moitra et al in 2013 [33] . The geometry of the structure deviated from a 2D photonic crystal and was instead consisting of a horizontal array of silicon pillars, more closely resembling that of a fishnet metamaterial (figures 8(c) and (d)). This work was especially crucial as it revealed that the reflective PEC boundary was not necessary and that the refractive index of silicon was sufficiently high to support the necessary modes. However, the fishnet geometry relies on out-of-plane excitation, incompatible with integrated devices. The interaction distance is limited as the number of unit cells in the propagation direction is dependent upon a high aspect ratio etch.
An integrated platform more closely resembling the photonic crystal format was demonstrated in 2015 by Li et al [34] . This ZIM was the first to enable in-plane propagation compatible with existing integrated photonic elements, such as waveguides and resonators. A metal cladding was used to make the pillars appear optically infinite in order to emulate the behavior of 2D pillars. The cladding further acted as a PEC boundary, identical to the PEC included in the microwave demonstration [30] . The ZIM could be lithographically patterned in arbitrary shapes, circumventing the previous limitation of short interaction lengths, crucial for applications in nonlinear optics [13] and field enhancement [101] .
Although the metal-clad ZIM was compatible with planar fabrication techniques, it had significant flaws that hindered the possibility of widespread adoption. Notably, the metal layers reintroduced resistive losses originally intended to be avoided in Dirac-cone ZIMs. Furthermore, the fabrication procedure is prohibitively complex, limiting repeatability (figure 9).
To make ZIMs more attractive for potential applications, future iterations emphasized simplification of the metamaterial structure. Since this initial demonstration of an integrated ZIM (which will be referred to as metal-clad ZIM), there have been two additional experimental Dirac-cone ZIM implementations consisting of just structured silicon-oninsulator (SOI) and surrounding air: (1) silicon pillars in air [36, 46] for TM-polarized light (this will be referred to as pillar ZIM), and (2) the complementary structure of air holes in a silicon matrix [37] for TE-polarized light (this will be referred to as air hole ZIM). Both ZIMs can be fabricated in a single e-beam lithography step (figure 10).
Challenges of Dirac-cone ZIM
While the initial fabrication challenges have been largely resolved, there remain some notable obstacles to the widespread adoption of Dirac-cone ZIMs. The prerequisite modal degeneracy is extremely sensitive to any fabrication deviations or imperfections. Since most Dirac-cone ZIMs are based in a pillar resonator for TM excitation, it is difficult to use thinner device layers that are more compatible with single mode waveguides. Further, while reactive ion etching is an anisotropic procedure, generally gently sloped sidewalls often result; the typically high aspect ratio of pillar resonators accentuates the effect of the slight angle in the etch profile. Radiative losses are inherent to Dirac-cone ZIMs and are a significant obstacle to creating devices with long propagation lengths or large areas. These losses also contribute to deviations from the desired linear dispersion. Finally, as the unit cell of Diraccone ZIMs is often on the same order as the operating wavelength, categorization as a homogeneous bulk is challenging and merits additional consideration. However, many of these obstacles are not intrinsic to zero-index materials and may be resolved in the near future. The following sections explore the major challenges and offers potential solutions.
Tolerance to fabrication imperfections and tunability
A significant obstacle for ZIMs is their low tolerance for parameter variation in fabrication. As the Dirac-cone dispersion results from the perfect tuning of two resonances, even a slight deviation in the fabricated dimensions can result in a breakdown of the desired behavior, producing a photonic bandgap. The tolerable variation in parameter dimension is below a percent [30] , creating an obstacle towards the widescale adoption of a Dirac-cone metamaterial. However, it should be emphasized that a sensitivity to fabrication imperfections is characteristic of many core integrated photonics components, including waveguides and resonators [102] , and not necessarily limited to photonic crystal structures. Rather, the challenge comes from the narrow bandwidth of the zero crossings of permittivity and permeability resonances.
Deviations in fabricated dimensions are particularly apparent in pillar radii, which are affected by processing conditions such as resist thickness, beam current drift and development temperature; conversely, device height and relative pillar placement (or pitch) are relatively insensitive to processing. Systematic variation in pillar radius will detune the zerocrossing of the electric and magnetic resonances, breaking the degeneracy.
Pillar structures that approach or exceed 1 µm in height have been used successfully as the constituent resonator in Dirac-cone ZIMs [36, 46] . In Kita et al, these relatively tall pillars were able to further demonstrate unprecedented tolerance to fabrication imperfections. Generally, to achieve a robust modal degeneracy, the two modes must possess not only identical zero-index frequencies, but their wavelength shift must also have the same dependence on structural variation (i.e. ∆λ/∆r) (figure 11). The modal equivalent index (MEI) becomes useful in designing robust ZIMs as it correlates with this dependence. Defined as a sum of all constituent unit cell refractive indices weighted with respect to their field confinement [103] , the MEI offers an additional parameter of consideration in achieving tolerance to fabrication imperfections. If the MEI of the two modes can be designed to remain equivalent for a range of radii, the degeneracy is expected to be maintained within this range, as well.
Independent adjustment of the modal confinement necessitates a third degree of freedom. For pillar ZIM as demonstrated by Kita et al, this is the silicon device thickness. Through the additional tuning of the pillar height, in addition to the original two lattice parameters (i.e. pitch a and radius r), zero-index frequency and matched MEI can be simultaneously achieved for a range of radii. The optimized metamaterial maintains zero-index operation despite radius variation of ± 3.6%, or up to ± 19 nm, corresponding to an order of magnitude reduction in sensitivity. In exploiting this modal dispersion, an increase in pillar radius results in a redshift of the zero-index frequency instead of the typical emergence of a band gap (figure 11).
While pillar ZIM significantly simplifies the fabrication procedure of the metal-clad ZIM presented by Li et al [34] , it requires either a silicon regrowth technique or uncommonly thick device layers in order to achieve the necessary pillar height; taller device layers often prevent single mode operation in coupling structures. However, the concept is transferable to any metamaterial that allows for control of modal dispersion in its constituent resonators. One obvious variation is core shell, or 'coated' resonators that adds parameters associated with a coating or void [104, 105] and has been used to theoretically demonstrate Dirac cone zero-index [106] [107] [108] . However, alternate lattices [55, [106] [107] [108] [109] or malleable substrate materials [110] may provide promising solutions as well.
Without the addition of a degree of freedom, it is challenging to achieve fabrication-tolerant ZIMs. However, postfabrication tuning methods are available. Mechanical strain can tune the distance between resonators and index matching fluid is commonly used to adjust the refractive index of the background medium. Finally, thermal tuning, either through application of heat directly or by powering metallic inclusions on chip, has long been used for fine tuning after fabrication is complete.
Device height
The Dirac-cone dispersion originates in infinitely tall silicon pillars [30, 32, 33, 96] making the realization of a ZIM with a finite height challenging. Attempts to approximate an infinite pillar height have included the addition of a metal-cladding such that the pillars appear optically infinite [34] , and use of pillars with high aspect ratio geometries [33, 36, 46] . However, the former involves a prohibitively complex fabrication procedure and the latter introduces incompatibility with common coupling structures and standard SOI device heights. While achievement of a ZIM has a significant depend ence on pillar height, compatibility with existing integrated platforms limits heights to those available in commercial silicon-on-insulator (SOI) wafers with lower device thicknesses. This is par ticularly challenging for the TM modes associated with dielectric pillars as there is a stricter dependence on minimum height necessary to support the modes [111, 112] .
To significantly reduce the aspect ratio of the metamaterial, the amount of confining material can be increased. Vulis et al [37] achieved this by increasing the volume filling fraction of silicon as compared to air: the unit cell design is inverted, transitioning from silicon pillars in air to air holes in a silicon matrix [37] . The air hole ZIM is fabricated using a 220-nm silicon device layer, a significant reduction from the pillar ZIMs that required a device height of 500 nm or greater. In contrast to the pillar metamaterial, the air hole ZIM is designed for TE polarized light. This polarization is found to offer improved confinement for thinner device layers [60, 113] .
While this design still achieves a Dirac-cone dispersion, the degenerate modes exhibit a higher order of symmetry; instead of the monopole and dipole modes of the pillar ZIMs, this air hole ZIM features the degeneracy of dipole and quadrupole modes. While Dirac cone ZIMs involving higher order modes had been predicted [39, 96] , the air hole ZIM represents the first experimental demonstration of this specific degeneracy.
While the same experimental result is achieved, higher order modes are generally disadvantageous due to the resulting weaker resonances. While theoretically possible, most high order modes cannot be experimentally achieved. However, the inverse structure of a air hole ZIM cannot be mapped to the pillar resonances commonly associated with Mie-based metamaterials as it is not expected to support a monopole mode in a low index void. Ashraf et al [108] report that a Dirac cone ZIM achieved through a core shell structure results from the degeneracy of monopole and dipole modes when the coating possess a lower refractive index than the core, while inverting the coating and the core results in a degeneracy of the dipole and quadrupole modes, further confirming this result. However, a degeneracy incorporating a quadrupole mode may be the limit of modal order that can be achieved experimentally without higher refractive index materials. The quadrupole in par ticular features a node at its center which may offer an advantageous placement option for emitters or other point sources. Intentional selection of higher order modes has been theoretically demonstrated in a polarization-independent ZIM by Lin et al where the field distribution of the modes is used as a starting condition instead of a consequence [114] .
Modal degeneracy and band structure
While all integrated ZIMs are based on a Dirac-cone dispersion [30] , full-wave simulations reveal subtle differences in the resulting dispersion surfaces at the degeneracy. Fundamentally, all designs feature the intersection of two bands corresponding to the degeneracy of the dipole and monopole modes (or quadrupole, in the case of the air hole ZIM), and a third flat band corresponding to the rotated dipole mode ( figure 12 ). While the metal-clad ZIM has a linear dispersion near the Dirac point, the two all-dielectric platforms show a slight quadratic dispersion at the intersection. This deviation from linear begins to emulate a ring of exceptional points. The relation between Dirac cones and exceptional points has been previously theorized [115, 116] and recently demonstrated in a photonic crystal slab [39] . The demonstrated all-dielectric Dirac-cone zero-index metamaterials can be argued to possess either a Dirac-cone or exceptional point dispersion. These can be considered as equivalent as in the latter case; the degeneracy is tuned such that the ring radius is negligible as compared to seemingly flattened dispersion (figure 13)-effectively forming the single point degeneracy.
Generally, a quadratic dispersion is undesirable. As the slope of the band is directly correlated with the group velocity, a quadratic dispersion would result in components of an applied pulse signal propagating through the ZIM at different speeds, producing distortion. The source of this quadratic dispersion originates from the difference in radiation of the two degenerate modes. By contrast, the dipole mode in a 2D system cannot access an out-of-plane radiation channel, resulting in a perfectly linear cone. [39] ; the introduction of loss channels (for example, with a finite device height) causes the dispersion to curve near the degeneracy. This is an unfortunate consequence of ZIMs as the Dirac cone degeneracy lies above the light line and, as such, its constitutive modes are intrinsically radiative [60] .
The degree of radiation is strongly related to the compatibility of the modal symmetry with a plane wave. The monopole and quadrupole modes possess symmetries incompatible with a plane wave. This is not the case with the symmetry of dipole modes. The quality factor of the monopole and quadrupole are found to be several orders of magnitude higher than that of the dipole mode [34, 36, 37] . This loss channel primarily driven by the dipole mode results in a lower group velocity in the vicinity of the Dirac cone and the resulting quadratic dispersion [39, 117] .
However, the plane-wave nature of the radiation enables a method of confinement through the interference of loss channels. In the band structure of metal-clad ZIM, the dispersion is noticeably linear. This linearity results from the metal cladding, which reduces the quality factor of the monopole mode through absorptive losses, while the addition of a mirror limits the expected radiation of the dipole mode. Therefore any similar method of confinement should be expected to match the loss of the degenerate modes more closely and achieve a linear dispersion (see Losses).
The losses introduce a secondary complication in the interpretation of the band structure. Whenever losses are present in the system-either from material absorption or radiation-an ambiguity arises in the computation of band structure. These losses introduce imaginary components that cannot be fully portrayed in a 2D band structure. There are therefore two branches of solutions: the eigenmodes of the system with real propagation wavevectors ( ⃗ k ) and complex operating frequencies (ω) (as typically provided by commercial eigenmode solvers using the finite element method), or the inverse case of entirely real ω and complex ⃗ k (as typically produced by finite-difference time-domain methods) [118, 119] . Typically, losses are small enough that the differences between these two methods are negligible.
However, this is not the case for Dirac cones dispersions. Firstly, a Dirac cone ZIM is dependent on achieving a degeneracy of two modes which can be obscured if the incorrect simulation method is used ( figure 14) . Secondly, due to their location above the light line in the Brillouin zone, these modes possess significant imaginary components reflective of their leaky nature. Third, the difference in quality factor of the degenerate modes (See Modal degeneracy and band structure) indicates that each mode possesses different imaginary values that further confound the results.
As modes in any photonic crystal are excited using lasers corresponding to real ω, and losses are primarily accumulated with propagation, the complex-⃗ k simulation approach is expected to yield results that more closely resemble experimental conditions [118, 119] .
Treatment as a homogeneous material
The treatment of a material with a Dirac-cone dispersion as an effectively zero-index medium has been both a challenge and a point of debate in recent years [99, 121] due to its origin as the degeneracy of multiple modes. An ideal, fully homogeneous metamaterial should support a single propagating mode at the wavelength of operation; otherwise ambiguity is introduced in assigning a refractive index. Dirac-cone metamaterials, however, are based on the degeneracy of three modes at the zero-index frequency: a monopole or quadrupole, and two dipole modes. The result is an additional flat band that intersects the Dirac cone that constitutes a second mode in the strictest homogenization consideration [121] .
However the symmetry of the modes plays a significant role in its relevance. Therefore, it may be possible to describe Dirac-cone metamaterials by an effective index for a subset of illumination conditions. In this case, we may treat the hybridized behavior of the two degenerate modes at the zero-index frequency as a single mode. While the third band, Figure 14 . Complex-⃗ k and complex-ω solutions to the band structure of a zero-index waveguide, the 1D analog [120] of the air hole ZIM [37] . When computed using the standard complex-ω method, the mode degeneracy is obfuscated.
corre sponding to the longitudinal dipole, is incompatible with incident plane waves, its effects cannot be completely ignored as it is possible to excite the longitudinal dipole via oblique or evanescent waves, introducing undesirable coupling that is inconsistent with the behavior of an effective medium. Excitation of the longitudinal dipole can be avoided for normal incident illumination or through operation at a frequency slightly above the degeneracy. As such, while the ZIM can behaves similarly to an ideal zero-index material, it is inaccurate to describe it as homogeneous in the strictest sense. By characterizing the conditions for single-mode operation, the limitations in application of Dirac cone ZIM cone can be identified.
For treatment as a homogeneous medium, the material must satisfy the additional criteria of isotropy, passivity, causality, and lack of radiative and scattering losses [122] . The passivity criterion is easily satisfied by using a low-loss di electric material. Superluminal pulse propagation is not possible and causality is maintained (see dispersion and causality). The presented ZIMs generally exhibit a significant isotropic bandwidth around the Dirac-point (55 nm for the pillar ZIM, and 20 nm for the air hole ZIM [34, 37] ). The radiative and scattering loss criterion, however, is problematic and worthy of additional discussion. This criterion refers not only to direct losses, but also those incurred from coupling to additional modes. Due to the presence of additional bands, this is a possibility in fabricated zero-index Dirac-cone metamaterials. Finally, the lattice constant must be sufficiently small relative to operating wavelength to avoid diffraction at the interface of the mat erial. As the unit cells of these ZIMs are often relatively large with respect to the free space wavelength (≈ 0.5 λ), diffraction producing non-normal components is possible.
A particularly illustrative example is the response of the ZIM to an oblique source of excitation. In general, a homogeneous zero-index material can be expected to emit light at normal incidence from each of its facets. The inverse is also true: light is expected to only enter a homogeneous zero-index material normal to the interface. However, excitation at various angles of incidence often reveals extraneous transmission at angles beyond the normal. This indicates access to modes beyond the desired hybrid degenerate mode, albeit at other angles of incidence. In the case of a metal-clad ZIM, the extraneous transmission largely results from coupling into the flat band mode and is significantly reduced by operation at a frequency above the degeneracy.
Systematic analysis of these extraneous band structure modes reveals that certain bands are inaccessible and, as such, can be neglected under normal incidence [37] . However, Dirac-cone ZIMs are not strictly consistent in behavior across a range of incident angles and coupling to these additional modes may be problematic for certain applications.
The homogeneous behavior of ZIMs at normal incidence is further verified in recent work by Reshef et al [120] . Although previous demonstrations of ZIMs focused on 2D unit cell arrays, the same exotic phenomena can be realized in 1D waveguides that are extremely compatible with integrated photonics. Inspired by air hole ZIM [37] and adapted to a corrugated waveguide form-factor, this waveguide supports only a single mode that propagates with no phase-advance and a finite group index. As excitation of the ZIM waveguide is Figure 15 . Standing wave patterns resulting from the interference of two counter-propagating sources in a ZIM waveguide for wavelengths ranging from 1575 nm to 1675 nm. The extension of a node across the entire length of the ZIM waveguide indicates effectively homogeneous zero-index behavior at normal incidence. Reprinted with permission from [121] . Copyright (2017) American Chemical Society. normal to the interface, the observation of the standing wave pattern extended across the device and without additional interference serves as proof that indeed only the zero-index mode is accessed at normal incidence (figure 15).
Losses
Zero-index phenomena, characterized by long wavelength and spatial coherence, are primarily relevant over long propagation lengths. Therefore, loss control is paramount. The emergence of Dirac-cone ZIMs eliminate material absorption; however these metamaterials necessarily suffer from radiative loss as the constitutive degenerate modes propagate with zero momentum at the Γ-point, well above the light line.
It is possible to create resonances of open systems that do not radiate. There has recently been renewed interest in such bound states in the continuum for photonic systems [123] . Rather than using traditional methods of confining light using total internal reflection or photonic band gaps, these embedded eigenmodes eliminate radiation via destructive interference between two or more loss channels. This phenomenon was recently observed experimentally in photonic crystals [123] and can be used to eliminate propagation loss in ZIMs, enabling large area devices [124] .
For example, we can eliminate radiative loss from a zeroindex pillar array by introducing a reflector (figure 16). Placed above the array, the mirror reflects the leaky wave back down into the pillars, where it destructively interferes with the leaky wave below the array. The relative phase of the two overlapping waves is determined by the separation between the pillars and the reflector. Therefore, the separation can be tuned to exactly cancel the waves through destructive interference. As a result, the radiative loss is completely extinguished (figure 17), and the zero-index mode is able to propagate over long distances with reduced losses on the order of a few decibels per centimeter; in contrast, previous integrated ZIMs experience losses of approximately 1 dB µm − 1 [34, 36, 37, 120] .
Outlook
Dirac-cone ZIMs enable a refractive index of zero and permit the associated phenomena to be accessed, utilized, and potentially commercialized. Through integration with popular on-chip platforms such as silicon photonics, these metamaterials comprise a platform that can be easily adapted and that offers significant modularity. This review covered the history and implementation of these Dirac-cone ZIMs, and their associated design challenges. Many of these challenges can be addressed with current methods to implement a truly accessible platform. Because these metamaterials can be implemented in an in-plane, waveguide-compatible configuration, they have the potential for significant impact in the field of integrated photonics and find varied applications, including supercoupling, beam steering, and enhancement in nonlinear optics. 
